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Abstract 

Consider the operator Hip = —ip" + qtp = Xip, ip(0) = 0, + bip{\) = acting in 

L 2 (0,1), where q E L 2 (0, 1) is a real potential. Let X n (q, b), n ^ 0, be the eigenvalues of 
H and v n (q, b) be the so-called norming constants. We give a complete characterization 
of all spectral data ({A„}§°; {^n}o°) that correspond to (q; b) G L 2 (0, 1) xl. If b is fixed, 
then we obtain a similar characterization and parameterize the iso-spectral manifolds. 

1 Introduction and main results 

Consider the Sturm-Liouville problem 

-ip" + q(x)ip = Xif;, ace [0,1], ? eL 2 (0,l), 

with boundary conditions 

ip'(0) - aijj(0) = 0, +bip(l) = 0, a,feGMU{oo}, 

where real q belongs to L 2 (0,1), equipped with the norm || q || 2 = f*q(t) 2 dt. There 
lot of papers (Borg, Gel'fand, Levitan, Marchenko, Trubowitz, ...) devoted to the inverse 
spectral theory for Sturm-Liouville problems on a finite interval (see the books jL], |H1, 
[FT]). Recall that the inverse problem consists of the following parts: 

i) Prove that the spectral data (eigenvalues and some "additional" parameters) uniquely 
determine the potential. 

ii) Reconstruct the potential from spectral data. 

iii) Characterize all spectral data that correspond to some fixed class of potentials. 
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The first uniqueness results were obtained by Borg. The first results about the recon- 
struction were obtained by Gel'fand and Levitan (see details in jEj, [M]). Trubowitz and 
his co-authors ([TT], |lMTj . |DTj . |PT| ) developed the "analytic" method based on nonlin- 
ear functional analysis and the explicit reconstruction procedure for the special case when 
only one spectral datum has been changed. The book |PTj contains an elegant complete 
solution of the inverse Dirichlet (i.e. a = b= oo) problem on [0,1]. In |ITj the case when 
(non fixed) a, b run through K was considered (we recall the main result of jlTj in Theorem 
15. lj) and |1MT| is devoted to the case of fixed a, b G KL These authors (PT|, |1MT| ) reduce 
the mapping (q,a,b) i— > {spectral data} to the case of Dirichlet boundary conditions |PTj . 
This reduction allows to prove the characterization theorem, to construct the isospectral 
manifolds (i.e. the set of all (q, a, b) with the same spectrum) and so on. 

Consider the case of mixed boundary condition a = oo, b G R. We think that the best 
results in this case are those of Dahlberg and Trubowitz |DT| . In order to describe their 
results we need some definitions. Define the self-adjoint operator H in L 2 (0, 1) by 

Hi/j = -tp" + q{x)tj}, ^(0) = 0, ^'(1) + = 0, bER. 

Here and below (') = ■§-,(') = J^. Denote by {A n (g,6)}§° the eigenvalues of H. It is 
well-known that all \ n (q,b) are simple and satisfy the asymptotics 

Xn{q,b) = X° n + Q + 2b + fi n {q,b), where Q = [ q(t)dt and {^{q, b)}™ G £ 2 = £ 2 . 

Jo 

Here and below the real Hilbert spaces i 2 ^ are given by £ 2 n = {{/n}o° : J2 n >o( n ~^^) 2m fn < 00 }' 
m ^ 0, and A° = 7i 2 (n + ^) 2 , n ^ 0, are the unperturbed eigenvalues. The monotonicity 
property A < Ai < ... gives that if (q; b) runs through L 2 (0, 1) x R, then {^ n }o° doesn't run 
through the whole space £ 2 . In order to describe this situation, we introduce the open and 
convex set 

M = { e ^ ■ X°o+^<X 1 +^<.. •} c I 2 . 

Fix some 6el. The main results of |1 ) 1 1 are: 

(i) The sequence of real numbers A* = X° n + c* + c* G R, is the spectrum of H for some 
potential q G L 2 (0, 1) if and only if G M. 

(ii) Let q G L 2 (0,1) and e G L^ ven (0,l), i.e. e(l — x) = e(x), x G [0,1]. There are two cases: 
(a) there is no potential p G L 2 (0, 1) such that the Dirichlet spectrum of p coincides with the 
Dirichlet spectrum of e and X n (p, b) = X n (q, b) for all n ^ 0; (b) such a potential p is unique. 
An explicit condition which distinguishes the cases (a) and (b) from each other is given in 
terms of {X n (q, 6)}q° and the Dirichlet spectrum of e. 

Roughly speaking, (ii) describes the bijection between the set of isospectral potentials 

Iso b ({A;,}^) = {q G L 2 (0, 1) : A„(g, b) = X* n for all n > 0}. (1.1) 

and some open subset of Ll ven (0, 1) (see |DT| for details). 

The main goal of our paper is to give a more explicit characterization of spectral data in 
the style of |PT| . |ITj and to parameterize the isospectral manifolds in a more classic way. 
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Let (p(x) = <p(x, A, q) and = ^(x, A, q) be solutions of —ijj" + q(x)ip = Xifj such that 

¥>(0) = 0, y/(0) = l and £ 6 (1) = ~h = &■ 

Note that the eigenvalues A n (g, 6) are the roots of the Wronskian 

w(X) = w(X, q, b) = {if, £ b }(A, q) = if'{\, A, q) + 6^(1, A, g), 
where = — f'^b- The Hadamard Factorization Theorem implies the identity 

m (A, q> 6)=coeVA-n A lMo 6) » A G C. (1.2) 

Let ij) n (x) = vfj n (x,q,b) be the n-th normalized eigenfunction of i7 such that ^(0) >0. We 
introduce the norming constants ("additional" spectral data) by 

u n (q, b) = log [(-1)>(1, X n (q, b),q)] = log| |^|| | , n > 0, (1.3) 

i£ = i/ n (0,0) = -logA£, where fc° = = 7r(n+|). 
Recall that A n (g, b) = X° n + Qq + 2b + n n {q, b). Our main result is 

Theorem 1.1. (i) The mapping 

$ : (q; b) ^ (Q + 2b ; {f, n {q, o)} °°; {i/ n (g, 6) - u° n }™) 

is a real-analytic isomorphism between L 2 (0, 1) x R and IR x .M x £ 2 . 
(ii) For each (q; b) G L 2 (0, 1) xR the following identity is fulfilled: 

1 = S( 2 "Ra^)|)' <"> 



n>0 



Remarks, i) In the proof of (i) we use the method from |PT| . The main ingredients are 
nonlinear functional analysis and the explicit reconstruction procedure, when only one A n or 
v n has been changed. Using similar arguments, it is possible to reprove the main result of 
|ITj . i.e. the complete characterization of spectral data in the case (q, a, b) G L 2 (0, 1) x M 2 , 
without the reduction to the inverse Dirichlet problem. 

ii) Identity (|1.4|) gives the explicit expression of b in terms of spectral data (in the case 
a — oo). This can be rewritten in the form b = X^n>o(2 — HCfcC'? ^n, f?) 11^2(0 i)) ^ see Lemma l2.2j) . 
Note that similar identities were proved in |JLj using the technique of transmutation oper- 
ators and the Gel'fand-Levitan equation. Our proof is based on the contour integration. In 
Sect. 5 (Appendix) we prove the analogue of (jl.4|) in the case a, b G R. 

Fix some b G K (for instance, 6 = gives the boundary conditions ^(0) = 0, ip'(l) = 0). In 
this case spectral data {A n }§°, {^n}o° are n °t independent since they satisfy the nonlinear 
equation (jl.4j) . Fortunately, the first eigenvalue Xo(q, b) can be uniquely reconstructed from 
the other spectral data (i.e. {X n }f and {^n}o°)- More precisely, we have 
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Corollary 1.2. For any fixed feel the mapping 

® b :q^(Qo; K+i(<7, &)}~ {u n {q, b) - 
is a real- analytic isomorphism between L 2 (0, 1) and 1 x M' 1 ' x If, where 
A4« = {K+i}" e ^ 2 = A?+/xa< A°+/x 2 <. . .} c ^ 2 . 

It is possible to "remove" from the spectral data not only the first eigenvalue Ao but also 
one norming constant. Recall that for any sequence {A*}§° such that A* = A° + c* + //*, 
where (c*; {aC}^) G R x .M, the set of isospectral potentials Iso fe ({A* is defined by (jl.lj) . 
Note that 

A — A* 

w(X,q,b) = w*(X) = cos • Yl T — wj" for each qE Iso 6 ({A*}~). 

Corollary 1.3. Fix some 6 6 I and let (c*; eRx A4. T/ien /or eac/i m ^ the 

mapping 

q i-> - z/°}~ =0jn ^ m 

zs a real-analytic isomorphism between IsOf,({A* }^°) and £/ie open nonempty set A/^ C ^ 2 
given fry 

= {R - ^}~=o,n^ G : £ (2 - — ^— ) > 6 - 2}. (1.5) 

Remark. Let {i/ n - f°}„ :n ^ m = £7, where i G R, 7 = {7n}n:n^m G £ 2 and 7„ > 0, n ^ m. 
Then, due to the monotonicity reasons, there exists toGB such that £7 e A/^ iff £ < to- 

In conclusion, note that the method from jPTj works well in other inverse spectral prob- 
lems with a purely discrete spectrum. In particular, this scheme was applied in the paper 
CKKj devoted to the inverse problem for the perturbed harmonic oscillator on R. The 
inverse problem for the harmonic oscillator in R 3 perturbed by a spherically symmetric po- 
tential is reformulated as a problem on the half- line R + and it is solved in |CKj . In the last 
case the boundary conditions are essentially nonsymmetric and it gives an extra motivation 
to investigate the case of mixed conditions on [0, 1], which are also essentially nonsymmetric. 

We describe the plan of the paper. In Sect. 2 we prove identity ()1.4|) and the Uniqueness 
Theorem. Sect. 3 is devoted to the analytic properties of the mapping $. In Sect. 4 we 
prove our main results: Theorem 1 1.1 1 and Corollaries 11.31 IT~2l Sect. 5 (Appendix) is devoted 
to the modifications of identity (jl.4|) and Corollary 11.21 to the case a, b G R. 
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vaniya 3.1-4733, RFFR 03-01-00377 and NSh-2266.2003.1. Evgeny Korotyaev was partly 
supported by DFG project BR691/23-1. Some part of this paper was written at the Mittag- 
Leffler Institute, Stockholm. The authors are grateful to the Institute for the hospitality. 
The authors would like to thank Markus Klein for useful discussions. 



4 



2 Preliminaries and proof of identity (11.41) 



Introduce the fundamental solutions "d(x, A, g), (p(x, A, q) of the differential equation 

- ip" + q{x)ip = Xip, AgC, (2.1) 

such that 

0(0, A, q) = <f/(0, A, q) = 1, 0'(O, A, q) = <p(0, A, q) = 1. 

For each x G [0, 1] the functions 0, 0', tp' are entire with respect to (A, q) G C x L^(0, 1) 
(see [PT]). Moreover, the following asymptotics are fulfilled: 

0(x, A, q) = cos VXx + ^= y (sin v^x + sin VA(x - 2t)J g(t)dt + 0( — — ), (2.2) 

#'(:r, A,g) = -VXsmVXx+- J (cos v^x + cos >/A(s - 2t)j q(t)dt+0[ /2 ), (2.3) 

sin a/Ax 1 f x / \ /glimv^l^x 

A, g) = + 2A i (~ C ° S + C ° S ~ 2<) ) + ° ( |A|3/2 j ' (2 ' 4) 

1 f x / \ ,g| Im-v/Xla:, 

<^'(x, A, g) = cos Vax + — ^= y (sin v^Ax — sin vA(x — 2£)J q(t)dt + 0( — — : — J (2.5) 
as |A| — >■ oo, uniformly on bounded sets of (x; q) G [0, 1] x L^(0, 1). 

Lemma 2.1. For eac/i (g; 6) G L 2 (0, 1) xl and n ^ £/ie following identities are fulfilled: 
\\<p{; A n , g) f = (-l) n+1 e^«;(A n , g, b), K, q)\? = (-l) n+ V^(A n , q, b), 

,2, n _ (/?(x,A w ,g)6,(x,A n ,g) 
w(X n ,q,b) 

where X n = A n (g, 6) and v n = v n (q, b). 

Proof. Let <p(x) = <p(x, X n , g), ^(x) = £&(a;, A n , g) and so on. Definition (jl.3j) yields 

V (x) = -^(l)6(x) = (-l) B+1 e^6(x). 
This identity and ip 2 = {<p, tp}' give 

IMI 2 = {&¥>}(!) = (-l) n+1 ^«-^)(l) = (-l) n+1 e^w(X ni q,b), 
since <p(Q) = <p'(0) = 6,(1) = ££(1) = 0. Furthermore, we have 

^2/ x n = ^fo) = y?(x) ■ (-l) n+1 e-^^(x) = <p(x)£ h {x) 
\\(p\\ 2 w(X n ,q,b) w(X n ,q,b) 

and H^ll 2 = e- 2 ^\\p\\ 2 = (-l) n+1 e-^w(X n ,q,b). □ 



Lemma 2.2. For each (q; b) G L 2 (0, 1) x R the identity 

n>0 



\w(X n ,q,b)\ 

holds true, where X n = X n (q,b) and v n = v n (q,b), n^O. 
Proof. Consider the meromorphic function 

w(X,q,b) ip' + btp 

All roots A n = X n (q, b) of u>(A) = w(X, q, b) are simple and sign«;(A n ) = (— l) n+1 . Therefore, 
definition (|1.3)1 gives 

es/(A)^^ = fcl^ = _^, B>0 , (2 . 6) 
a=a„ w(A n ) w(A„) F(A n )| 

Put |A| = 7r 2 m 2 -> 00. Then, due to (JUJ), O and Jq 1 e tk ^- 2t ^q(t)dt = o( e l Imfc l), -> 00, 
we have 

A -1 / 2 sin\/A - A _1 cos\/A • + o(A" 1 e |Imv ^ 1 ) 
~ cos VX + A-V2 sin • (±Q + b) + o{X~ 1 / 2 e\ imV\\) 

A" 1 / 2 tan v^A - A" 1 • |Q + o(A" 1 ) 
~ 1 + A-V2 tan VX ■ (±Q + b) + o^ 1 / 2 ) 

= A - s tan - A -1 • ±Q - A" 1 tan 2 • (§Q + b) + o(A" 1 ). 

Let /o(A) = A~^ tan-\/A. Applying the Cauchy Theorem in the disk |A| < n 2 m 2 , we obtain 



m s \ m 

I res /(A) - res / (A) ) = -§Q„ - (±Q + b) • £ «s (/ (A)) S 

n=0 V A " A " / n=0 A=A " 



(2.7) 



Note that 



as A-> A n , n ^ 0. 



Hence, 



and 



res /o(A) = -2, res (/ (A)) 2 = ~ n^O, 

A A n A A n /\ n 

Substituting these identities and ()2.6j) into (|2.7j) . we obtain 11.4)1 as m — > 00. □ 
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Theorem 2.3 (Uniqueness Theorem). Let X n (q,b) = X n (p,h) and u n (q,b) = u n (p,h) for 
all n ^ and some (g; b), (p; h) G L 2 (0, 1) x R. Then (g; b) = (p; h). 



Proof. Lemma l2"3fl immediateiv gives b = h. The rest of the proof is standard (see p. 58 [PT]). 
Define functions 

F\(X x) 

^^'^ = w(X q bY Fl ^ x "> = ( P( x > X 'P)£b(x,X,q) ~ tb(x,X,p)ip'(x,X,q), 
F (X x) 

MA, re) = , 2 . ' > , F 2 {X,x) = ip(x, X,p)£ b (x, A, q) - £ b (x, X,p)ip(x, A, q). 
w{X,q,b) 

Recall that 

w(X,q,b) = (p'(l,X,q) +b(p(l,X,q) = {ip, £ 6 }(A, q). 

All roots X n (q,b) = X n (p,b) of the denominator w(-,q,b) are simple. Moreover, all these 
values are roots of the numerators Fx, F2, since definition ()1.3|) of the norming constant v n 
yields 

V (x,X n ,p) = (-l) n+1 e^(^,A n ,p), <f(x,X n ,q) = (-ir+V«£ 6 (x,A n ,g). 

Hence, the functions fx, f'2 are entire with respect to A for each x G [0, 1]. Let |A| = 7r 2 m 2 , 
m — > 00. Due to asymptotics (|2.4j) . (|2.5|) . we have 

w(X, q, b) = cos v/A + OQAr^e 11111 ^ 1 ) = cosv / A ■ (1 + 0(|A|" 1/2 ). 

Note that 

£b(x, A, q) = - x, A, g*) - b(p(l - x, A, g*), 
where q*(x) = g(l — x), x G [0, 1]. Therefore, asymptotics (J2.2j) - ()2.5p give 

Fx(x,X) = -sinv/Ax-sin^l-x) +cosv / Ax-cosv / A(l-x) +0(|Ar 1/2 e |Imv ^ 1 ) 

= cosv / A- (1 + 0(|A|- 1/2 ) and F 2 (x, X) = 0(\X\- 1/2 e llm ^). 

Thus, 



fx(x,X) = l + 0(\X\- 1/2 ) and / 2 (x, A) = 0(|A|~ 1/2 ) as |A| = tt 



2 2 

m — > 00. 



Since /1 and / 2 are entire with respect to A, the maximum principle yields fx(x, A) = 1 and 
f 2 {x, A) = for each x G [0,1] and A G C. In other words, 

(ip(x, A, p) - ip(x, A, q))g b (x, A, q) - (£ b (x, A, p) - £ b (x, A, q))(f'(x, A, g) = 0, 

(jp(x, X,p) - cp(x, A, g))£&(x, A, g) - A,p) - £ b (x,X,q))ip(x,X,q) = 0. 
This gives tp(x, X,p) = (p(x, A, q) for all x G [0, 1] and A 7^ A n (g), n ^ 0. Hence, p — q. □ 
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3 Analyticity, asymptotics and local isomorphism 

Lemma 3.1. Let (q;b) E ^(0,1) x C and N > 2(\\q\\ + \b\)e M . Then w(X) has exactly N 
roots, counted with multiplicities, in the disc {A : |A| < ty 2 N 2 } and for each n > N exactly 
one simple root X n (q,b) in the region {X : |vA — fcj}| < 7r/4}. There are no other roots. 
Moreover, the following asymptotics is fulfilled: 

X n {q,b) = X° n + 0(1) as n^oo, (3.1) 

uniformly on bounded subsets of L^(0, 1) x C. 

Proof. The standard estimates of ip and ip 1 (see p. 13 jPTj ) give 

\<p'(l,X,q)-cosVX\ ^ |A|~5. ||g||e ll9ll+|Im ^, \(p(l,\,q)\ < |A|~5 ■ e NI+H m ^l. 
Hence, 

\w(X,q,b) -cosv^l < |A|~3 • (Ugll + lfeDe^ll+l 1111 ^! < |A^|A| _1 / 2 el Im 

Let A G L N U \J n >N l n, where ^v = {A : |A|=7r 2 iV 2 } and l n = {X : |\/A-A£| = 7r/4}, n > N. 
Then the simple estimate 4| cos vA| 

> e l Im ^l is fulfilled (p. 27 jPTj) and we have 

\w(X, q, b) - cosVX \ < 2Af|A|~ 1/2 • | cos \/A | < | cos \/A |, X E L N Li U n >JV^ • 

Therefore, by Rouche's Theorem, w(-,q,b) has as many roots as cosvA in each region 
bounded by these contours and the remaining unbounded domain. Furthermore, it follows 
from (|2.4|) . ()2.5|) that = w(X n , q, b) = cos ^/X^ + Oin' 1 ) as n — > oo, uniformly on bounded 
subsets of Lc(0, 1) x C. Note that the point is the simple root of the function cos z. 
Hence, we have = &° + O^r 1 ) or, equivalently, (|3.1J) . □ 

Define the inner product in L^(0, 1) x C by 

((q;b),(p;h))= [ q(t)pjt)dt + bh. 
Jo 

Below we write d^ q . b )a(q,b) = (f;g) iff the identity [eZ(, ;6 )<7(g, 6)](p; /i) = ((f;g),(p;h)) is 
fulfilled for all (p; /i) G L 2 (0, 1) x K. We use the similar notation d( q -b)0~(\, q, b) for the partial 
derivative of a with respect to (q; b). 

Lemma 3.2. (i) All functions X n (q,b), fi n (q,b), h> n (q,b), n ^ 0, are real-analytic on 
L 2 (0, 1) x R. Their derivatives are given by 

d (q{x) - b )X n (q, b) = (tpl(x); VnW) , d (q{x) . b) n n (q, b) = (i/%(x) - 1; ^(1) - 2) , (3.2) 

d( q ( x y,b)Vn(q,b) = ((V»nXn)(a?); (^nXn)(l)) , (3.3) 
where tp n {x) = i/j n (x,q,b) is the n-th normalized eigenfunction of the operator H and 

Xn{x) = Xn{x, q, b) = "^j- A "' ^ - ^ w (x, g, b) [ (ipi9)(t,X n ,q)dt. (3.4) 
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(it) Let (q;b) G L 2 (0, 1) x R. JTien, each function X n , fi n , v n , has an analytic continuation 
from L 2 (0, 1) x R mto some complex ball {(p; ft.) G 1/^(0, 1) x C : ||(p — g; 6 — < e}, where 
e = e(q, b) > doesn't depend on n. 

Remark 3.3. Since V'n(O) = 0, we have i/} n (x) = if}' n (0)(p(x) . Therefore, Xn( x ) is the solution 
of (|2.1|) for A = A n such that {Xn, i/j n } = 1 and ip n (x)xn(x)dx = 0. Note that these 
conditions define \n uniquely. 

Proof of Lemma \S.3L (i) It is well-known (see p. 21 jPTj) that 

d q{x) ip(l, X,q) = tp(x){&{x)ip(l) - tp(x)&(l)), 

d q{x) <p'(l,X,q) = tp(x)(#{x)<fJ(l) -<p(x)#'(l)), 
where tp(x) = tp(x, A, q), $(x) = A, q) and so on. This gives 

d [q(x) . b) w(X,q,b) = ({{ V /+b<p){l)-&{x) - {■d f +M){lMx)) ( p{x) ; . 

Note that 

{cp'+bcp){l)#{x) - (#+b&)(l)<p(x) = 
since both functions are solutions of (j2.1j) with the same initial data at x = 1. Therefore, 

d(q( x y, b )w(X,q,b) = (-cp(x)£ b (x) ; -</?(l)£ 6 (l)) . 

Recall that the function io(-,-,-) is entire and w(X n (q,b),q,b) = 0. Then, the Implicit 
Function Theorem and Lemma \2. II give 



j x / ,n d( q ( x )- b )w(X n ,q,b) . 2 2 v 
d( g (x) ; &)A n (g,&) = , , = ^ n (x) ; VU 1 )) • 

n> 9) 

The identity fJ, n (q, b) = X n (q, b) — A° — Jq 1 q(t)dt — 2b yields 

d( q ( x y, b )Hn(q, b) = d (q{x) . b) X n (q, b)-(l;2) = (i/%(x) - 1 ; ^(1) - 2) . 

Furthermore, definition (jl.3|) implies 

, , ,x ^(g(x) ; fe)<^(l, A n (g, 6),g) (^(^(l, A n , g) ; 0) + (p(l)d( q ( x ) ;b )X n (q, 6) 
dfettW* 6 ) = ^Tj = ^ • 

Substituting d q ^cp(l, X n ,q) and d( q ( x y tb )X n (q,b) into this formula and using the identity 

i>n{ x ) — 'tPni.fypi.x)' we obtain 

i!)(X) A n , g) 

d( q (x);b)Vn{q, b) = (lp n (x)Xn(x) ; V ; n(l)An(l)) > XnO"0 = ,, ~ T~s - Cn1pn{x, q, &), 

where C n = C n (q,b) is some constant. In order to find C n , note that z/ n (g + c, 6) = u n (q,b) 
for all c G R. Therefore, 



= {d q ^v n {q,b),l) = / ip n (x)xn(x)dx = <p(x)$(x)dx - C n / tp n (x)dx. 

Jo Jo Jo 

Since Jq 1 ip^(x)dx = 1, this yields C n = J" y?(a;)'i?(a;)(ix. 

(ii) The proof repeats p. 51 |PTj for eigenvalues and p. 64 for norming constants. □ 
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Lemma 3.4. (i) The following asymptotics are fulfilled: 

i/) n (x, q,b) = V2 sin k° x + (Jin' 1 ), Xn{x,q,b) = n +0{n~ 2 ), n -> 00, (3.5) 

q( sin ) 

H n (q,b) = -q { ™l + 0(n- 1 ), u n (q, b) = v° n + -^j± + 0(rT 2 ), n ^ 00, (3.6) 

uniformly on bounded subsets of [0, 1] x L^(0, 1) x C, where 

\— I q{x) cos2k®xdx, / g(^) sin2/c°x(ia;. 

n 2 Jo n 2 Jo 

(ii) The mapping $ zs real-analytic on L 2 (0, 1) xl and its Frechet derivative is given by 

[<*(**)*](•) = (((i; 2), •); {<x B> ->}~ ; {<y B> .»S°) , (3.7) 

X n = (^(x) _ i ; ^2(i) _ 2 ), y n = ((V>„X„)(a;); n > 0. 

Proof, (i) Let A n = X n (q,b). Due to ()3.1|) . we have = k® + 0(n _1 ). Asymptotics 

(E2I)-(I2ini) yields 

sin oc /*^" I 

^,A n ,g) = — ^ + 0(n- 2 ), ||^(-,A„,g)|| 2 = ^ ^ 2 (x,A n ,g)d:r = — + 0(n" 3 ). 

Hence, 

■0n(^) 9) b) = = V^sin k®x + C^n -1 ). 

;K,q)\\ 



This gives <(0,g,&) = ||^(-, A n , a)!)" 1 = ^ + 0(1). Also, 

d(x, X n , q) = cos k° n x + 0{n~ l ), I (fiip)(x, A n , q)dx = 0(n~ 2 ). 

Jo 

Using definition ([3.4)1 . we obtain the second asymptotics in (|3.5jl . Lemma l3~2"l and (|3.5j) yield 

i/ ft (g, 6) = / [d mf i n (tq, tb)](q; b) dt = A° + ((2 sin 2 Aftzr-l; 0), (g(x); 6)) + O^" 1 ), 



/ ,s n /" r , / ,m/ ,n , n ((sin k®x cos A;^x: 0), (q(x): b)) 9x 

f»M) = *£ + / [d(«6)^(*g,*6)](?;6)^ = ^ + - — 2 " ; — ; ;/ +o(rr 2 ). 

Jo fc n 

This gives (|3.6|) since 2 sin 2 = 1 — cos 2k^x and sin k^x cos = ~ sin 2k^x. 
(ii) As it shown above, $ : L 2 (0, 1) X R — > R X .M x ilf is locally bounded and all "coordinate 
functions" f Q q(t)dt+2b, X n (q,b), u n (q,b) — are real-analytic. Therefore (e.g., see p. 138 
|PTj ) . $ is a real- analytic mapping and its Frechet derivative is given by (|3.7j) . □ 
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Lemma 3.5. Let (q; b) G L 2 (0, 1) x R and 

X n = (ij 2 n (x) - 1;^(1) - 2), Y n = (ty n Xn)(x)\ n > 0, 

Z m = (-2(^ mXm y(x); (VwxJ(l)), T m = (2(^)'(x); -^(1)), m ^ 0. 

T/ien vectors (1;0), {Z m }g°, {Tm}^ /orm i/ie biorthogonal basis to (1;2), {X n }g°, {^n}o°- 
In other words, 

((1;2) , (1;0)) = 1, ((1;2) , Z m ) = 0, ((1; 2) , T m > = 

(X n , (1; 0)) = 0, (X n , Z m ) = 5 nm , (X n , T m ) = 0, n, m ^ 0. 

<y n , (1; 0)) = 0, (Y n , Z m ) = 0, (Y n , T m > = 5 nm , 

Proof. By definition, < (1;2),(1;0) > = 1 and < (l;2),Z m > = < (l;2),T m > = 0, since 
V'm(O) — 0. Due to Jq i(j 2 (x)dx = 1 and f (ip n x n )(x)dx = (see Remark l3.3|) . we obtain 
< X n , (1; 0) > = < Y n , (1; 0) > = 0. We consider < X n , Z m >. The partial integration gives 

<X n ,Z m >=-2 [ (^(x)-l)(^ m xm)'(x)rfx + (^(l)-2)(^ m xj(l) 
Jo 

= -2 / ^(s)(^mX m )'(^)^ + (^)(l)(^ m Xm)(l) = - / (^WmXm)'-(^)VmXm) (x)cfo 



({^n, ^m} • ^nXm + VV^m ' {lf>n, Xm}) (x)dx. 

lin^m, then we have {ip n , ip m }' = (A„- A m )^ n ^ m , {^> n , Xm}' = A m )^nXm- Hence, 



{^n^m}{^n,Xm} 



1 



0, n ^ m, 



An A m 

since {^„,^ m }(0) = {^„,^ m }(l) = 0. If n = m, then {^ n ,^ m } = 0, {^n,Xn} = -1 and 

<X n ,Z n >= / ^l(x)dx = 1, n^0. 
Jo 

The proof of other identities is similar. □ 

Theorem 3.6 (Local Isomorphism). For each (q;b) G L 2 (0,1) x R operator <i( 9; 6)$ : 
L 2 (0, l)xK^lxf 2 xfi ^iuen 6y zs mvertible. 

Proof. Due to Lemma 13.41 we have 

A n = ( — COS 7T (2n+l)x;0) + O(n- 1 ), 2k° n Y n = (sin7r(2n+l)x; 0) + 0{n~ l ), n^0. 

Note that vectors (0; 1), {(2 cos7r(2n+l)x; 0)}^°, {(2 shi7r(2n+l)x; O)}^ form the orthonormal 
basis in L 2 (0, 1) x R and the error terms are square summable. Then, dr q t x \$-\<& is a Fredholm 
operator. Due to Lemma 1331 the vectors (1;2), {X n }^°, {l^}^ are linearly independent. 
Using the standard arguments from the functional analysis (e.g., see p. 163 |PT| ) . we deduce 
that (d(q-b)^)^ 1 is bounded. □ 
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4 Proof of Theorem 11.11 and Corollaries II. 3L 11.21 



Lemma 4.1. For each (c*, {/4,}o°) GM x .M tnere exzsis a potential q* G L 2 (0, 1) suc/j iaai 
A n (g*,0) = A£+c*+/< for alln^O. 

Proof. Define A - and A* a by 

A n+1 A n A n+1 A n 



Then, A; < A; +| < \* n+1 , n > 0, and A^ /2 = 7r 2 (m/2) 2 + c* + fi* m/2 , where {/4 /a }§° G £ 2 . 

Using |PTj . we see that there exists an "even" potential q G L 2 (0, 2), q(x) — q(2—x), xG [0, 2], 
such that {A^}^ is the Dirichlet spectrum of q on the interval [0, 2]. Put q* = g|[o,i]- Then 
we have A„(g*, 0) = A| n / 2 = A* for all n ^ 0. □ 

Lemma 4.2. Fzx any (g; 6) G L 2 (0, 1) x R, n ^ and tel. Denote 

d 2 f 1 
<f n (x) = q(x)-2— logr^(x,g,6), where rf^x^q^b) = l + {e l -I) J ij 2 n (t,q,b)dt, x G [0, 1], 

£ = &-(e*-l)V£(l,g,&). 
Tnen (g* ; Z£) G L 2 (0, l)xR and 

\n(?n> Z&) = A m (g, 6), i/ m (g*, 6*) = i/ m (g, 6) + t6 mn /or all m^0. 

Proof. Let ip n ( x ) = ^n(^, g, &) and so on. Repeating the arguments of p. 91-93 |PT| or using 
direct calculations, it is easy to check that for each m ^ the function 

$ m (x) = ijjjx) - (e* - 1)^M [ ^ n (t)^ m (t)dt, 

Vn{ X ) Jx 

is some solutions of — ip" + q^ix)^ = X m (q,b)ijj (in particular, ip n (x) = ij) n (x) / rf n (x)) . Since 
■0m(O) = VVi(0) = 0, we have "0 m (O) = 0, m ^ 0. The crucial point is the new boundary 
condition at x = 1. We have 

C(l) + 6* ? m (l) = ^(1) + (e* - 1)^(1)^(1) + tfjmil) = tfjl) + &Vm(l) = 

for all m ^ 0. Therefore, A m (g^,?4) = X m (q,b), m ^ (there are no other roots due to 
Lemma ljl . Furthermore, 

= <(0), m ^ n, and ? B (0) = e~% (0). 
By definition f)1.3j) . it gives ^ m (g^, = ^(g, 6) + £<5 mn for all m ^ 0. □ 
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Proof of Theorem 11.11 ii) Identity (jl.4j) was proved in Lemma \2.2l 
(i) It follows from Lemma EOl that $ maps L 2 (Q, l)xR into IxA^xfj and $ is real-analytic 
and its Frechet derivative is given by (|3.7j) . Theorem 13 . 61 yields that $ is a local real-analytic 
isomorphism. Furthermore, due to Theorem 12.31 $ is one-to-one. We prove that <3> is onto. 

Let c* G R, {/^}o° G M and {z/* — G ^ 2 be an arbitrary spectral data. Due to 

Lemma l4~H there exists a potential g* G L 2 (0, 1) such that A n (g*, 0) = A* = A° + c* + n* n for 
all n^O. Let ^ n = v n (q* , 0) — z/°. Note that we have the following convergence: 

(?7o,...,77jv-i,^-^, ^+1-^+1, •••) -* (m,-,VN-i,VN,-) in i\ as N -> oo. 

Theorem 13.61 yields that the mapping $ is invertible in some neighborhood of the point 
$(<?*, 0) = (c*; {yU*}g°; {77 n }g°) G R x M x Hence, for some large integer iV and 
( g (JV) ; ftW) G L 2 (0, 1) x R we have 

(c*; K}g°; fa,, i/jv-i, 4 - 4, 4+i - •••)) = Hq [N \b {N) ). 

Applying Lemma 14.21 step by step, we construct the sequence of potentials and boundary 
constants 

( g (*) ; &(k)) = (g(*+i) ; &(k+i))** G L 2 (0,1) x R, 4= ^_^_ %) A; = A-l, iV-2, 0, 

such that $(g( fc ),6(*)) = (c*;{//;}g°;(^),...,r/fc_i,^-^,^ + i-^ + i, •••))• In particular, 
A n (gW, 6(°)) = A; and i/ n (g<°>, 6 (0 )) = < for all n ^ 0. We are done. □ 

Proof of Corollary 11.31 Fix some 6, c* G R, G M and m ^ 0. It follows from 

Theorem II .11 that the mapping q i— > {v n (g, &) — ^°}^° is a real-analytic isomorphism between 

Iso f>(Un}o°) and the set 



^={ K -^ £< m:(2-^)=6}cc 

Introduce the mapping P m : {z/ n — i— >■ {u n — u^}'^ =0 n _^ m . Since e 1 '" 1 > 0, we have 



where J\f^ is given by (jl.5j) . Moreover, this mapping is a bijection between A/" b and A/^ since 
f m is uniquely reconstructed from {^ n }n:n^m by 



,ogK(A;)| + >o g [2-fc+ £( 2 -_ ) 



n:n^m 

Note that Theorem 11.11 yields that the mapping 



K(g, b) - ^ ( C *; {„ B (g, 6) - = $(g, 6) _> & = £ ( 2 



n^0 



k*(A;)| 



is real- analytic. It is clear that db/dh> m = — |^(A m )| _1 ^ 0. Using the Implicit Function 
Theorem, we obtain that P m x : — > A/" fe is real-analytic. Therefore, P m is a real-analytic 
isomorphism and the mapping q i— >■ {^(^i)-^}^,)^ is a composition of real-analytic 
isomorphisms. □ 



13 



For each ceR and {n n }o > e M., we introduce the function 
W(X) = W(X; c,/x ,A*i, •••) = cosVX- TT ^ — ^, where A n = A° + c + /i„, n ^ 

Lemma 4.3. Let c<ER, {/U n }g° G and n > 0. T/ien, 

^-^(A^X), lim ^(A^r^O. 

Moreover, lim U() ^ A o_ A o +Ml (^(Ao)!" 1 = lim U() ^ A o_ A ;> +Ml |Vt^(Ai) l^ 1 = +oo. 
Remark. Note that the convergence /i — > A^ — Aq + //i is equivalent to Ao — > Ai. 
Proof. In order to consider J4 7 as a function of /ito, we introduce the notation 

A-A -/3 / 1 /3 



W^(A) = W(X; c,no+P,fii,fi2,-) = , , 

A — A 

Let n ^ 1. Due to W(A n ) = and VF(A n ) ^ 0, we have 

P 



W(X) = (] 



A-Ar 



W(A). 



^(A n ) = (l--^-)^(A n ), 



gg^) _ d ■ 



p=o 



W(X n ) 

X n — Aq 



Hence, 



\W{X n )\- l = \W{X n ) 



lim |W(A n )| _1 = lim |W^(A n )| _1 = lim 



no— »— 00 



A n — Ao 





>0, 



A n — Aq 



Moreover, if n = 1, then 



lim |W(Ai)| _1 = lim (^(Ai)]" 1 = lim 



/i ->A°-A°+/H 

Let n = 0. We have 

WpiXo+P) = 



W(X +(3) 



/3^Ai-A 



1 - 







Ai — Aq 



• \w(K 



■ \W(X 1 



+ 



dW(Xo) d , 

= w^W/siXo+p) 



W{X ) 



P dfi dp r- , - . , ^ =Q 

Recall that W{\q) < 0. Therefore, the Hadamard factorization yields 

A-A 



W(\) = C(\-X )]\(l-$—±\ C<0, 



and W(Xq) = -2CJ]„>i(Ar i -Ao) _1 > 0. Hence, 



d 
dfi 



mxoT 1 







dfM. 



mxo))- 1 



W(\o) 



2(H/(A )) 2 



>0, 
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lim {WiXoT 1 ^ lim iWpiXo+PT 1 ^ lim \(3\ ■ \W(\ + f3)\~ l = 0, 

and 

lim 1^0)1^= lim |T^(Ao+/?)|- x = lim ^(Ao + ^l" 1 • |/?| = +00, 

/io->A?-Ag+/ii /3->Ai-A /3^Ai-A 

since |W(Ai)| =0. □ 
For each eel, {/Un}§° G M and {z/ n - z^}g° G £f, we put 

(2 : ), (4.2) 

where the function W is given by (j4.1|) . Note that the sum converges due to Theorem ll.il 
Proof of Corollary 11.21 Fix some b G R and m ^ 0. Due to Theorem II .![ the mapping 

g h- $(g, b) = (Q + 2b ; {^(g, 6)} °°; K(g, 6) - z/°} °°) 

is a bijection between L 2 (0, 1) and the set 

S b = {(c; {^} °°; R - u° n }™) eRxMx^: B{c, fi , n>, ...)=&}• 

Define the mapping P : S b C R x M x £f ^ R x x l\ by 

(c; K}o°°; K-^} °°) ~ {/Wo°°; R-^}o°°)- 

Note that $;,(g) = P($(g,6)). In particular, $ b is real-analytic as a composition of real- 
analytic mappings. Due to (J4.2|) and Lemma [4.31 we have 

< 0, lim B(c, /j,o,v , ...) = +00, lim ^(c, fj, , u , ...) = -00. 

Therefore, for each (c; {^t n+ i}^°; {z/ n — ^°}o°) G Rx M.^ x £ x 2 there exists unique point fio 
such that /io < A? — A[j + //1 and B(c,[io,v Q , ...) = 6. Thus, the mapping P is a bijection 
between S b and IR x x f- 2 . Hence, $ fe is a bijection between L 2 (0, 1) and R x .M^ x £ 2 . 
Using Theorem ll.il we see that the mapping 

(c,Hq,v , ■■■) i-> B(c, /i , fo, •••) 

is real-analytic and dB/dfio < due to Lemma 14.31 Then, the Implicit Function Theorem 
yields that P^ 1 : R x x £ 2 — > <S fe is real-analytic too. We deduce that is 

real-analytic as a composition of real-analytic mappings. □ 



15 



x„(g, a, b) = log[(-l) n (tf + ac^)(l, a n , q)] = log 



5 Appendix. The case of general boundary conditions 

Consider the Sturm-Liouville problem 

-if;" + q(x)if) = are [0,1], geL 2 (0,l), 

^'(0) - aip(0) = 0, = 0, a,beR. 

Denote by a n (q, a, b) the eigenvalues of this problem. It is well-known that 

a n (q,a,b) = a° + Q + 2a + 2b + r n (q,a,b), where Q = f q{t)dt, K^ef 2 (5.1) 

Jo 

and cr° = 7v 2 n 2 , n ^ 0. Note the a n (q, a, b) are the roots of the Wronskian 

w(X, q, a, b) = (ti'+ap' + b(-&+<Kp))(l, A, q). 
Following |ITj . we introduce the norming constants 

I V> w (l,g,o,6) 
V» n (0,g,a,6) 

where -0 n is the n-th normalized eigenfunction such that "0 n (O) > 0. 

Theorem 5.1 (Isaacson, Trubowitz (IT]). The mapping 

V : (g; a; b) i-> (Q + 2a+26 ; {r n (g, a, 6)}^°; {x n (g, a, 6)}^°) 

is a real- analytic isomorphism between L 2 (0, 1) x M 2 and I x T x f J, where 

T = {Mo G £ 2 : a ° + r <a° + n < . . .} C £ 2 . 

Theorem 15.11 and Theorem 11.11 are similar. In order to consider the case of fixed a, b e R, 
we need some modification of identity (|1.4jl . 

Proposition 5.2. For eaca (g; a; 6) e £ 2 (0, 1) x M 2 i/ie following identities are fulfilled: 

2-——— =6; -l + > 2- ,. .. =o, (5.2) 

where w(X) — w(X, q, a, 6) = — a/A sin \/A • TT ^ and a n = a n (q, a, b), x n = x n (g, a, b). 

J- j-n^o A — cr^ 

Remark. Note that identities (|5.2|) and Theorem 15.11 directly yield the following well-known 
result: 

Fix some constant a = b and q e L^^O, 1), ie. g(x) = g(l — x) ; x e [0, 1]. 
If p & L 2 (0, 1) zs swc/i i/iai <7 n (p, a, a) = o" n (g, a, a) /or a// n ^ 0, then p = q. 

Indeed, in this case we have w(X,p, a, a) = w(X,q,a,a) and x n (g,a,a) = for all n ^ 0. 
Summing identities ()5.2|) for the potential p and subtracting corresponding ones for the 
potential q, we deduce that 

cosh x n {p, a, a) — 1 

This yields x n (p, a, a) = for all n ^ since cosh x„ ^ 1. Thus, Theorem 15. II gives p = q. 
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Let a, b e R be fixed. Then, due to identities ()5.2|) . it is possible to reconstruct (a , x ) 
from the other spectral data {o"n}i° ; { x n}i°- More precisely, we have 

Proposition 5.3. For any fixed a, b G R £/ie mapping 

^ a ,b -q^ (Q +2a+2b;{T n+1 (q,a,b)}™;{x n+1 (q,a,b)}™) 

is a real- analytic isomorphism between L 2 (0, 1) and 7~W x £ 2 ; where 

= {K+i}S° e ^ : a 1 ° + n<a 2 ° + r 2 <...} C £ 2 . 

Proof of Proposition l5~^l We prove the first identity in ()5.2|) . the proof of the second is 
similar. Consider the meromorphic function 

(ti + a<p)(l,\,q) $ + aip 

/(A) " w(\,q,a,b) ~ W + ^ + btf + wp) (1 ' A ' 9) ' XEC - 

All roots cr n = a n (q,a,b) of if (A) are simple. Therefore, definition (|5.1jl yields 

res /(A) = t^KiAj) = tir^. = . (5 .3, 

Put |A| = 7r 2 (m+|) 2 — >■ oo. Then, due to asymptotics (|2.2j) - (|2.5|) . we have 

cosVA + A-^sinVX- (\Q + a) + o( A~ 1 / 2 el Im ^1 ) 



/(A) 



—A 1 / 2 sin v^A + cos ■ (f Q + a + 5) + o(el Im ^ ) 
= -A~^ cot A - A^ 1 ■ (\Q Q + a) - A" 1 cot 2 A ■ (§Q + a + 6) + o(A _1 ). 
Let /o(A) = — A~^ cot V\. Applying the Cauchy Theorem in the disk |A| < 7r 2 (m + i) 2 , we 



obtain 



m / \ m 

I res /(A) - res / (A) ) = -(±Q„ + a) - (§Q + a + b) ■ V res (/ (A)) 5 
; that 



(5.4) 



and 



2 / A- 



/o(A) = -^(l-^ + 0((A-^) 2 )j, A^a,°, n>l. 



o 



Hence, 



res /o(A) = -1, res / (A) = -2, n ^ 1, 

A=<x° A=<tO 

2 , . ,.„o 2 



and 



res (/ (A)) 2 = --, res (/ (A)) 2 = --, n > 1, 
a=<t° 3 A=o-o cr){ 

/f/ , u , 2 2 1 2 2 7T 2 
£ res : /o A 2 = ---_£=.= _i. 



Substituting these identities and ()5.3|) into ()5.4jl . we obtain (J5.2|) as m — > oo. □ 
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For each cGK, {r n }g° G T and {x n }g° G £ 2 we put 

A - cr k 
X-ai 



W(X) — W(X;c,t ,Ti, ...) — — VAcosVA • - — where cr fc = o° + c + r k , k^zO. 



F(c, r , ri, ...) = — t— — , G ± (c,To,ri,Xi,T 2 ,x 2 ,...) = -1 + V(-r- — 77-2). (5.5) 
\W(a )\ ^WCOI J 

Note that the sum in the definition of G± converges due to Theorem 15.11 and Proposition 
15.21 Using these notations, we rewrite the identities (|5.2j) in the following form: 

e"^F + G_ = -a, e"°F + G+ = -b. (5.6) 

Lemma 5.4. (i) Let eel, {r n }^ G T and {x n }™ G t\. Then, 
OF 

— > 0, lim F = 0, lim F = +oo; (5.7) 

OTq ro— >-oo T0 ^ (T o_ (T o_)_ ri 

— — > 0, lim G± = -oo, lim G± = +oo. (5.8) 

OTq TO-*- OO To^crO-crO+Ti 

fzzj For eac/i a, 6, c G R, {r n+ i}o° G T^, {x n+ i}£° G £/iere exist unique r < of — Oq + Ti 
and x G R stzc/j i/iai identities \5. b]) for, equivalently , 115.0$ ) hold true. 

Proof, (i) The proof repeats the proof of Lemma 14.31 
(ii) Note that identities ()5.6|) are equivalent to 

F 2 = (a + GL)(6 + e*° — - - b ± G ± 



a + G- F 

We will consider F and G± as functions of ro. It follows from (J5.7)) that the function F(tq) 
is positive for all r < o° — 0"° + T\. Hence, a + G_(r ) < and 6 + G + (r ) < 0. Due to (|5.8j) . 
there exist unique points r± < of — o"q + r x such that a + G_(r*) = b + G + (r*) = 0. Since 
the functions G±(r ) are increasing, we have Tq < t±. Put r* = min (r*,r£) and 

G(t ) = (a + G_(r )) ■ (6 + G + (r )), r < r,. 

Using ()5.8j) . it is easy to see that 

G'{t q ) < 0, lim G(t q ) = +oo, G{n) = 0; (F 2 )'(r ) > 0, lim (F(r )) 2 = 0. 

TQ — > — OO TQ — * — OO 

Therefore, the equation (F(r )) 2 = G{tq) has the unique solution r G (— oo,r*) and 
x = log |F(ro)/(a+G_(r ))| = log |(6+G + (r ))/F(r )] is uniquely determined by r . □ 

Proof of Proposition T5. 31 Fix some a, 6 G R and m ^ 0. Due to Theorem 15.11 and 
Proposition I5.2[ the mapping q \— > *&(q, a, b) = (Q + 2a + 26; {r n (q, a, b)}^; {x n (g, a, 6)}^°) 
is a bijection between L 2 (0, 1) and the set 

S a ' b = {(c; {r n }£°; {x n }^) G R x T x £ 2 : e'^F+GL = -a and e" F+G+ = -bj, 

where F and G-t are given by (|5.5jl . 
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Define the mapping P : S a ' b cixTxf^Rx T (1) x if by 

(c; {r n }-; {x n } °°) ^ (c; {r n+1 } °°; 

Note that ^ a ^{q) = P(^/(q, a,b)). In particular, ^> a ^ is real-analytic as a composition of real- 
analytic mappings. Due to Lemma I5~41 (ii), for each (c; {r n+ i}g°; {x n }g°) G R x A^ 1 ) x £f 
there exist unique r < a\ — <Tq + Ti and x G R such that both equations e~*°F+G- = —a 
and e* t °F + G+ = —b hold true. Therefore, the mapping P is a bijection between S a,b and 
R x .M (1) x if. Thus, ^ a , 6 is a bijection between L 2 (0, 1) and R x .M (1) x £f. 

In order to prove that is real- analytic, we deduce from Theorem 15 . 1 1 that the mapping 

(c; {r n }™; {x n }^) ^ (-a; -6) = (e^F+GL ; e^F+G + ) 

is real-analytic. Lemma IO (i) gives J^<0, J|<0, ^ = e"^ o F>0, ^ = e^°F<0. Hence, 

det ( da/dT ° 9b/dT ° } > 
y da/dxQ db/dxo J 

Then, the Implicit Function Theorem yields that P^ 1 : R x T^ 1 ' x if — > iS a ' b is real- analytic. 
We obtain that is real-analytic as a composition of real-analytic mappings. □ 
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